a complete description of the conditions for their existence and equivalence.
From this, we obtain (Theorem 7 in 12) the classification of isoclinic spheres on F 2 under the unitary group, which in turn gives us our final classification theorem (Theorem 8 in 13).
Sections 10 and 11 are based on well-known techniques with semisimple associative algebras. In the course of 10, we give a unified treatment over the real numbers, the complex numbers, and the quaternions, of the HurwitzRadon problem on quadratic forms permitting composition. The result (Theorem 5) seems to be new for the quaternions.
I am deeply indebted to Y.-C. Wong's memoir [12] . While our Sections 3, 4, 5, 10, 11, and 12 extend all the results of [12] 
Mutually isoclinic subspaces
Now assume that the elements of B are mutually (pairwise) isoclinic. We will look into the structure of (R) (2) , then B' ,r (B') is a collection of mutually isoclinic n-dimensional subspaces of V.
Proof. We have found (R)r and proved (2) , and B B, by construction.
We will prove that the elements of B, are mutually isoclinic as a consequence of (2); this will complete the proof of (1) [8] [12, p. 62] that a maximal isoclinic sphere on t2, regarded as a submanifold of G,('), is homeomorphic to a sphere. More generally, we may see that B is homeomorphic to an r-sphere as follows. Let G be the subgroup of U(n, ') with Lie algebra @ 4-(R),
is spanned by the S, and thus has dimension r.
isspanned by the S S. (i < j), and thus has dimension r(r 1)/2. (1) implies (4), and (4) clearly implies (3) . We must prove that (3) implies (2) and (2) (2),
Remarlc 2. Given 0 < n </c, there is an isometry _1_" G,(I) -. Ge_,() given by B--B'. Thus, if 2n>= lc (i.e., if 2(/c--n) <-lc), and ira is a submanifold of G.('), then Theorem 3 shows that these are equivalent" 
T e U(m, F) such that T(U) P and each (x) T.O(x). T-.
It is clear from Theorem 1 that translational representations with basepoint correspond to isoclinic spheres under (, u) -(') (u) and that strict equivalence of (, U) results in unitary equivalence of ( )(U).
On the other hand, (, U') is a translational representation with basepoint not necessarily strictly equivalent to (, U), while (Pr) (U) (:)(U). But we will see that the unitary equivalence class of () (U) determines the pair consisting of the strict equivalence class of (, U) and that of (, U').
This will allow us to classify the isoclinic spheres up to unitary equivalence.
We will then see that unitary equivalence of isoclinic spheres is the same as equivalence under the full group of isometries of the Grassmann manifold.
Translational representations
We will collect some information on translational representations which will be useful in 11 . Let [6] ; later, J. Radon solved it for F R [9] . The problem was solved for composition of a form with itself over an arbitrary commutative field by A. A. Albert [2] , and representation-theoretic proofs for the ease F R have been given by B. Eekmann [5] and H. C. Lee [7] . Our proof, based on a close look at subalgebras of a total matrix algebra, gives a brief and unified treatment of the three possibilities for F. We believe the result to be new for F K. Proof. If g2 is an algebra with identity element 1, then I g2 will mean that N is a subalgebra of and 1 is the identity element of ?I. If I is central simple, then [1, Theorem 4.6] g2 has a subalgebra 1' such that is the Kronecker product tensor product) ?I (R) 1' this result will be used without reference, g2k(F) will denote the algebra of / X/c matrices over F as an algebra over F; Jk (F). denotes g) (F) viewed as an algebra over R. Table I holds. Proof. If r is odd, this was seen during the proof of Lemma 2. Now let r 2 (mod 4) and F C. By the preceding discussion, we need only take a complex matrix algebra (C) and prove that two R-algebra representations and of it on W are equivalent. Let J -1 I e (C). As F C, (J) is conjugate to (J) because they both have square I e (W) thus we may assume (J) J' (J). Let be the cen-tralizer of J' in (W); N carries the structure of a complex matrix algebra in which jt %/_ 1 I, and and are C-algebra homomorphisms of q(C) into 9.I. It follows [ Table IV.   TABLE IV R, C,K U(/c, F) acts by isometries on Gn,(F); let I'(G,(F)) denote the group of isometrics of G,(F) induced by U(k, F). There is n isometry of Gn,2n(') given by 3(P) P. Also, choice of n orthonormal bsis of C allows us to extend the conjugation of C over R to a transformation of C , and this transformation induces an isometry a of G,(C). Finally, the triality automorphism of (R) (8) induces an isometry of G,s(R). It is known [3] that I (G, (F)) is given s follows: 1. I(G,(K)) I0(Gn,k(K)) if k 2n, I(Gn,n(K)) l, } .I0(G,(K)), I0(G,(K)) I'(G,(K)),
